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* Margin concept
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* Soft-Margin SVM
* Dual Problem of Soft-Margin SVM
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Hyperplanes

A hyperplane is a set of the form
{o]a”s = b},

a € R", a#0,and b € R.

a is the normal vector
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Hyperplanes

A hyperplane is a set of the form

{o]a = b},
a € R", a#0,and b € R.
a is the normal vector
To 18 any point in the hyperplane alzg = b {z | aT(:I: — 1) = 0},
0
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halfspaces

halfspace: set of the form {z | a’z < b} (a # 0)

(a3

T
S @ r>b
a’z < b
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Margin

* Which line is better to select as the boundary to provide more
generalization capability?

Larger margin provides better
generalization to unseen data

* Margin for a hyperplane that separates samples of two linearly
separable classes is:

* The smallest distance between the decision boundary and any of the
training samples
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Maximum Margin Hyperplanes
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Maximum Margin Hyperplanes
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Maximum Margin Hyperplanes
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Maximum Margin Hyperplanes
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Maximum Margin Hyperplanes
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Maximum Margin Hyperplanes
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Maximum margin

* SVM finds the solution with maximum margin
* Solution: a hyperplane that is farthest from all training samples

O
O
2o

Larger margin

* The hyperplane with the largest margin has equal distances to the nearest
sample of both classes
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Linear SVM: Separable Case

Alinear SVM is a classifier that searches for a hyperplane with the largest margin

(Xiqyz) (l == 1.3% sl \ ,)
O\
(Ti1s Tigsw -si'l’z'd)T yi € 1—1,1}
decision boundary of a linear classifier w-x+b=0,

w and b are parameters of the model

w-xXs+b=k k>0 y=4 b dwz+b>0;
f —1, tw-z+0b<0.
w-x.+b=k', Kk <NO.
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Distance between an x™ and the plane
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Hard-margin SVM: Optimization problem

Margin: 2 L

llwll

2M

max ——
Mwwo [|[w|]

s.t. (wa(i) +wy) =M vl ec, —— y® =1
(Wx® +wo) < -MvalP eC, - 0= _4
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Hard-margin SVM: Optimization problem

2M

max ———
Mwwo ||[w|]

s.tyOwlx® +wy))>M i=1,..,N

WTx+W0=O

O

M= _rrllinNy(i) (WTx® + wy)
i=1,..,

WTx + Wy = M
w' x + Wo = —-M
X1
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Linear SVM: Separable Case

SVM

bi1: w-x+b=1,
bio: w-x+b=—1.

AZZS, £ Uni i
}"']T Sharif University

\«;:E} of Technology



Linear SVM: Separable Case

bﬂ .
bf';} .

SVM

w-xX+b=1,
w-X+b=—1.
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Hard-margin SVM: Optimization problem

/ Wo, 2
, Wo = — max ——
wwo |[w]|
s.t.(wlax®™ +wp) =1 vy =1

(wa(") + WO) < -1 vy®™ =—-1

We can set w' =

in: 2
Margin: il
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Hard-margin SVM: Optimization problem

2
max
w' wi [[W|

s.t.y(i)(w’Tx(i) + W(')) >1i=1,..,N

The place of boundary and
margin lines do not change
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Hard-margin SVM: Optimization problem

2

max —
wwo ||w]

s.ty@O(wlx® +wy)>1,n=1,..,N

in: 2
Margin: il
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SVM

WK[‘|—bE l]iyzz yz(“rxl—{-b)_fjl lzl‘).'\'?
w-x;+b< —11ty, =-1

Definition 5.1 (Linear SVM: Separable Case). The learning task in SVM
can be formalized as the following constrained optimization problem:

|lw?
min —

subject to yilw-x;+b) >1, i=1,2,...,N.

For Solving constrained optimization problem (like SVM Optimization) there exist Numerical
approaches like Quadratic Programming (QP) !
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Quadratic Programming (QP)

It is a convex Quadratic Programming (QP) problem
There are computationally efficient packages to solve it.

It has a global minimum (if any).

1
min=x"Qx + c'x
x 2
s.t. Ax<b

Ex=d
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Dual formulation of the SVM

* We are going to introduce the dual SVM problem
which is equivalent to the original primal problem.
The dual problem:

* is often easier

* |It's computationally more feasible in high
dimensional spaces where d is large

* gives us further insights into the optimal hyper-plane
* enable us to exploit the kernel trick
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Optimization: Lagrangian multipliers

P’ = mmf(X)
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Optimization: Lagrangian multipliers
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Optimization: Lagrangian multipliers

P Lagrangian multipliers

=1,.
Llxad) = F(2) + th (%)

(00 any g;(x) >0
{arglo%>{</1 }L(x a,A) =< anyh;(x) 0
l \ f(x) otherwise

p* = mxln {alrgloz?{()l }L(x a,l)

—
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Optimization: Dual problem

* In general, we have:

max min h(x,y) < minmax h(x,y)
X y y X

* Primal problem: p* = min {airzno%,){()li}ﬁ(x, a,l)

* Dual problem: d* = max minZL(x,a,A)
{a;z0},{4;} x

* Obtained by swapping the order of min and max
° d* S p*

* When the original problem is convex (f and g are convex
functions and h is affine), we have strong duality d* = p”*

ZS,
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Hard-margin SVM: Dual problem

min = ||w]|?
W,Wq 2

S. t. y(i)(wa(i) + WO) >1i=1,..,N

* By incorporating the constraints through Lagrangian
multipliers, we will have:

1 N
min max {5 lw||? + Z an(l — yM@wTx(M 4 WO))}
n=1

wwy {a,=0}
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Hard-margin SVM: Dual problem

1 5
min = ||w||
w,wg 2

s.t. yOwx®D +wy)=1i=1,..,N

* By incorporating the constraints through Lagrangian multipliers, we will
have:

1 N
min max {E lwl|? + Z a,(1—y™wTx™ + WO))}
n=1

w,wy {a,;,=20}

* Dual problem (changing the order of min and max in the above problem):
1 N
max_min {E lw||? + Z a, (1 - y™® wTx™ 4 WO))}
n=1

{a,,;20} w,wy
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Hard-margin SVM: Dual problem

max_ min L(w,w,, a)
{a, =20} w,w

1 N
Low,wo @) =5 IwlE+ )~ (1= y DT +wp))
n:
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Hard-margin SVM: Dual problem

max_ min L(w,w,, a)
{a, =20} w,w

1 N
Low,wo @) =5 IwlE+ )~ (1= y DT +wp))
n:

V.Lw,wga)=0=2w YN _ a,y™x( =0

> W = Zgzl any(n)x(n)
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Hard-margin SVM: Dual problem

max_ min L(w,w,, a)
{a, =20} w,w

1 N
Low,wo @) =5 IwlE+ )~ (1= y DT +wp))
n:

V.Lw,wga)=0=2w YN _ a,y™x( =0

> W = Zgzl any(n)x(n)

dL(W,wp,a)
aWO

= O = _\2%,:1 (Xl}y(n) :/O

|

w, do not appear, instead, a “global’ constraint

on «a is created.
R
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Substituting

N N
w = z o,y ™ x™ z a,y™ =0
n=1 n=1

In the Largrangian

1 N
Lw,wy, ) ==wiw + z an(l —y@WwTx™ + Wo))
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Substituting

N N
W= z a,y™x™ z a,y™ =0
n=1 n=1

In the Largranglan

Lw,wy, ) = —w w+ z an(l — yWWTx( + wy))

We get

N 1 N N
L(a) = 2 _1an 22 z Uy Uy y ™y (M) 1 (1) x(m)
n=1

Maximize w.r.t. a subjectto o, >0 forn=1,...,Nand ¥N_, a,y™ =0
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Hard-margin SVM: Dual problem

(

N N
1
max 1 z A, — —z z anamy(”)y(m)x(")Tx(m) >
a n=1 2 — =
2.

\
Subjectto  YN_. a,y(™ =0
a,=20n=1,..,N

e |[tis a convex QP
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Solution

* Quadratic programming;

1
min—a’
a 2

RYCOMERICOLIVED

W)y () 5 (D)

YDy ) DT () |

y W)y (W) )T 2

s.t.—a <0
yla=0

SVM

a+ (-1
fﬁ’f‘ﬁ Sharif University
4y of Technology



Finding the hyperplane

* After finding «a by Qlj’vwe find w:

W — Z o,y ™ @
n=1

* How to find w!?
* we discuss it after introducing support vectors
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Optimal Point

* Necessary conditions for the solution [w*, wj, a"]:
* VwL(w,wy, a)lw*,wg,a* =0
. dL(w,wq,x)

aWO
a, =20 n=1,...,N

 —

w Wy,

y(")(w*Tx(") + WS) >1n=1,.. N
a; (1 — y(")(w*Tx(") + WS)) =0 n=1,.. N
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Optimization: Lagrangian multipliers

P Lagrangian multipliers

=1,.
Llxad) = F(2) + th (%)

(00 any g;(x) >0
{arglo%>{</1 }L(x a,A) =< anyh;(x) 0
l \ f(x) otherwise

p* = mxln {alrgloz?{()l }L(x a,l)

—

N Sharif University
SVM \“"j&’" of Technology




Optimal Point

* Necessary conditions for the solution [w*, wj, a"]:
* VwL(w,wy, a)lw*,wg,a* =0
. dL(w,wq,x)

aWO
a, =20 n=1,...,N

whwa,at 0

y(")(w*Tx(") + WS) >1n=1,.. N
a; (1 — y(")(w*Tx(") + WS)) =0 n=1,.. N

Karush-Kuhn-Tucker
(KKT) conditions
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Hard-margin SVM: Support vectors

* Inactive constraint: y (™ (wa(") + WO) > 1

+ = a, = 0 and thus x is not a support vector.

» Active constraint: y™ (wa(") + WO) =1

* = q,, can be greater than 0 and thus x{*) can be a support vector.

X, \QXO a=0

>\Q | A sample with a,, > 0 can also lie on
X \\ ax> 0 one of the margin hyperplanes
\
\
_ \
a=0 N
N\
\
X1
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Hard-margin SVM: Support vectors

« SupportVectors (SVs)= {x™ |, > 0}

* The direction of hyper-plane can be found only based on support vectors:
W = z o, 3™ ™

an>0
X7
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Finding the hyperplane

* After finding «a by Qlj’vwe find w:

W — Z o,y ™ @
n=1

* How to find w!?

* Each of the samples that has o is on the margin,
thus we solve for w using any of SVs:

y(s) (wa(S) + WO) =1

= wo =y — wlx®
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Hard-margin SVM: Dual problem

Classifying new samples using only SVs

* Classification of a new sample x:

A\

y = sign(wy, +wTx)

T
y = sign (WO + (z any(”)x(”)> x)
an>0

y — Slgn(y(s) — z any(n)x(n)Tx(S) + z any(n)x(n)Tx)
K >0 J an>0

Y Support vectors are sufficient to
predict labels of new samples
Wo

* The classifier is based on the expansion in terms of dot
products of x with support vectors.
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Hard-margin SVM dual problem: An

important property

(N 1 N N
_ (n),,(m) m’,.(m)
maz[n({z%l ZZZ nAm Yy XN x
kn=1 n=1

Subjectto Y N_. a,y(™ =0

\

Y

J

a,=0n=1,.., N

* Only the dot product of each pair of training data appears in
the optimization problem

* An important property that is helpful to extend to non-linear SVM
* We will talk about it later (kernel-based methods)
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In the transformed space

N 1 N N
gl 135 e ot

Subjectto  YN_. a,y™ =0
a, =0 n=1, 1{/

1
xx o x B . N}
x O xx
O
o $() x X "
Ot Q,5 o x x ‘
O o >
O O x
x x % o
-1 x "% . * 0-90 . ‘
—1 0 1 0 0.5 1
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Beyond linear separability

* When training samples are not linearly separable, it has no
solution.

* How to extend it to find a solution even though the classes
are not exactly linearly separable.

ZS,
1
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Near linear separability

* How to extend the hard-margin SVM to allow
classification error

* Overlapping classes that can be approximately separated
by a linear boundary

* Noise in the linearly separable classes

A O O X, A

X1 Nace) Sharif University
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Near linear separability: Soft-margin SVM

* Minimizing the number of misclassified points?!
* NP-complete

* Soft margin:
* Maximizing a margin while trying to minimize the
distance between misclassified points and their correct
margin plane
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Error measure

* Margin violation amount ¢, (¢,, = 0):
« y™(wlha™ +wy)>1-¢,

e Total violation: Y\ _, &,
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Soft-margin SVM: Optimization problem

* SVM with slack variables: allows samples to fall within the margin, but
penalizes them

W'WOI{En}gzl

1 N
min 5 lw||? + C an

S. t. y(”)(wa(") + WO) >1-¢, n=1,..,N
(=0

&, slack variables

0 < &, < 1: if x(Mis correctly classified
but inside margin

&, > 1:if % is misclassifed

fﬁ’f‘ﬁ Sharif University
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Soft-margin SVM

* linear penalty (hinge loss) for a sample if it is misclassified or
lied in the margin
* tries to maintain &, small while maximizing the margin.
* always finds a solution (as opposed to hard-margin SVM)
* more robust to the outliers

* Soft margin problem is still a convex QP
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Soft-margin SVM: Parameter C

* C is a tradeoff parameter:
* small C allows margin constraints to be easily ighored
* large margin
* large C makes constraints hard to ignore
* narrow margin

* ( — oo enforces all constraints: hard margin

* C can be determined using a technique like cross-
validation

33N
1
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Soft-margin SVM: Cost function

N
_ 1
min - > lwl||? + C z &,
n=1

W;WO;{fn}g=1

s. t. y(")(wa(”) + WO) >1-¢, n=1,..,N
$n =0

* |t is equivalent to the unconstrained optimization problem:

N
1

min = ||w||? + C z max(0,1 — y™wTx™ + w,))

wW,Wq 2

n=1

<}
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SVM loss function

* Hinge loss vs. 0-1 loss

max(0,1 — y(w'x + wy))

0-1 Loss

Hinge Loss

WTx + Wo
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Lagrange formulation

L(W; WO; f} a} ﬁ)
1 N N
= lwli? +¢ E En + E an(1 =& —y™ W 'x™ + wy))
N n=1 n=1

_ ,Bn fn

N
_ 1

min = = |w||* +C Z

W;WOJ{le}g=1 2 n=1

s. t. y(")(wa(") +wy)=1—
=0

ZS,
1
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Lagrange formulation

1
L(w,wo, &, @, B) = SIWI2 + CENor &, + D (1 - €,

f:'ﬁf‘ﬁ Sharif University
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Soft-margin SVM: Dual problem

N N

N
max -« z A — %Z Z na y(n)y(m)x(n)Tx(m)
a
=1 n=1 j

\Tl

~"

Subject to ZN La,y™ =0

0<a,<Cn=1,.. N

* After solving the above quadratic problem, w is find

as.
N
W — z o, y™x™
n=1

Na Sharif University
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Soft-margin SVM: Support vectors

* Support Vectors: a,, > 0
* If 0 < a,, < C (margin support vector) SVson the margin

y ™ (wa(”) + WO) =1 (&, = 0)

* If & = C (non-margin support vector) SVson or over the margin

y@W(wlx™ +wy) < 1 (&, > 0)
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SVM: Summary

* Hard margin: maximizing margin

* Soft margin: handling noisy data and overlapping classes
* Slack variables in the problem

* Dual problems of hard-margin and soft-margin SVM
* Classifier decision in terms of support vectors

* Dual problems lead us to non-linear SYM method easily by
kernel substitution
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